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ABSTRACT

A numerical method is proposed for solving hyperbolic-parabolic partial differential
equations with nonlocal boundary condition. The first and second orders of accuracy
difference schemes are presented. A procedure of modified Gauss elimination method is
used for solving these difference schemes in the case of a one-dimensional hyperbolic-
parabolic partial differential equations. The method is illustrated by numerical
examples.
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1. INTRODUCTION

Methods of solutions of nonlocal boundary value problems for
hyperbolic-parabolic differential equations have been studied extensively by
many researchers. (Vallet, 2003; Glazatov, 1998; Karatoprakliev, 1989; Gerish,
Kotschote and Zacher, 2004; Vragov, 1983; Nakhushev, 1995; Ramos, 2006;
Liu, Cui and Sun, 2006; Berdyshev and Karimov, 2006; Salakhitdinov and
Urinov, 1997; Dzhuraev, 1978; Bazarov and Soltanov, 1995; Ashyralyev and
Yurtsever, 2005; Ashyralyev and Orazov, 1999).

In (Ashyralyev and Ozdemir, 2007), the nonlocal boundary value problem for
differential equations
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in a Hilbert space H with self-adjoint positive definite operator A was
considered.

The stability estimates for the solution of problem (1) were established. In
applications, the stability estimates for the solution of mixed type boundary
value problems for hyperbolic-parabolic equations were obtained.

In the present paper, the application results of (Ashyralyev and Ozdemir, 2007)
to numerical solutions of difference schemes of nonlocal boundary value
problems for the multi-dimensional hyperbolic-parabolic equation are
considered. The stability estimates for the solution of difference schemes of the
nonlocal boundary value problem for the multi-dimensional hyperbolic-
parabolic equation are obtained. A procedure of modified Gauss elimination
method is used for solving these difference schemes in the case of a one-
dimensional hyperbolic-parabolic partial differential equation. The method is
illustrated by numerical examples.

2. DIFFERENCE SCHEMES AND STABILITY
ESTIMATES

Let €2 be the unit open cube in the n-dimensional Euclidean space
R"(0<x, <1, 1<k<n) with boundary §,Q=QuUS. In [0,1]xQ , the

mixed boundary value problem for the multi-dimensional hyperbolic-
parabolic equation

n

u, _Z(ar <x)MX, )x, - f<t’x)’0§ t Sl’x:<x1""’x”)69’

r=1

n

u, —Z(d, (x)uX, )X = g(t,x),—lg t SO,x:(xl,...,xn)EQ,

r=1

u(—l,x):Zaju(uj,x)+Zﬁju, (>\j,x)~|—g0(x),x6§~2, 2
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is considered, where a, (x),(x S Q),«p(x)(x S K_Z),f (t,x)(t S [0,1],x S Q),

g (t,x)(t € [— 1,0],x € Q) are smooth functions and a, (x) >a>0. The

discretization of problem (2) is carried out in two steps. In the first
step, let us define the grid sets
Qh = {x =X, = (hlml,...,hnmn),m = (ml,...,mn),
0<m, <N, ,hN,=Lr=1..n},
Q,=9,nQ,5,=9,NS.
We introduce the Hilbert space L,, = L2<Qh> of grid functions
©" (x) :{cp(hlml,...,hnmn)} defined on Qh, equipped with the norm

12

S |e" ()t

xeQ,

S0/1

To the differential operator A generated by problem (2), we assign the

L)

difference operator A; by the formula

Al = —Z(a, (w)ul 3)

r=1 X Jy

acting in the space of grid functions u" (x), satisfying conditions
u" (x)=0 for all x€S,. It is known that A} is a self-adjoint positive

definite operator in L,,. With the help of A;, we arrive at the nonlocal
boundary value problem
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u, h
%@+ A;I,th (I,X): fh (t,x>,0 S t Slrx 6S2h’
du" (t,x)
dt

+ A,fuh(t,x) =g" (t,x),—l§ t<0,xeQ,,

K Lo du" (N, .
E, (%) + E:ﬁj—u (dt’ x)ﬂo”(X),xEQh, (4)
j=1 j=1

\ <L0< N <1,

Il MP‘

K
zw I3
duh<0+,x) du” (07,x) ~

u” <0+,x):uh (07,x), 7 = ” ,XEQ,

for an infinite system of ordinary differential equations.
In the second step, problem (4) is replaced by difference schemes in

paper (Ashyralyev and Ozdemir, 2005). So, we have

T (”k+1<x) 2uy (x) + 1y (x ))+Al)1€uk+l( )= £ (x).
fil(x)= f”(zkﬂ, it =(k+1)T1<k<N-LNT=1x€Q,,
7 (uf () =y () + At () = g (),

( ) g"(te,x, )ty =kT,—N+1<k<-1Lx€Q,, 5)
K L
ZO‘J” (/7] (x)+ Z;ﬁjfl (”[];/T] (x)— ”[I;/T]fl <x))
Jj= J=

+¢" (x),x€Q,,
7w (%) — g (%)) = —Ajug (x)+ g5 (x) = &" (0.x),x €L,

and two types of second order of accuracy difference schemes
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2 2
T (MI?H (%) =20 (x) +20y, (x)) + Ay (x)+ %(A/f) i (%)= £ (%),
fkh (x) = fh (tk,x),tk =k, 1<k<N-1xeQ,,
T I+ 7AW (x)—u, (x) =Z,,

2= L0 (0.5)~ A () + 6 (0.5)— Afud (). x €61
! (u,i’ (x)—u;, (x)) + A1+ %A,f)u,': (x)=U+ %A,f)g,’: (x),

g,': (x): gh(tk —%,x),tk = kT,—(N—l) <k<0,xeQ,, (6)

u'y (x)= Zj:aj [”[IL,/T} (x)+ (uj - [uj /7’]7’)7’71 (”[IL,/T} (x)— u[’Li/T}il (x))]

£330 iy )= )

x(f[li,/T] ()= Ap, <x)) +" (x),27 < ;27 < xE€Q,

+[xj —[xj/T]TJr%]

Malaysian Journal of Mathematical Sciences 35



A. Ashyralyev & Y. Ozdemir

2 (MIIZH () = 2u) (x)+ul', (x)) +%A,:‘ui’ (%)

A )0

£(x)=f"(te.x),t, =kT, 1<k <N—-1x€Q,,
P17 () )= 2,
Z, :%(fh (0,x)— Ajuy (x))—{—(gh (0,x) — Ajuy (x)),xeﬁh,

7 g (x) (%)) + A [1 +%A;f gi (%), 7

uy (x):[l +%A,f

W :kT,—(N—l)Sk <0,xeq),,

()=t~ Z
u'y (x)=) o, [”{]L,/T] (x)+ (:“j - [M/T]T)Tfl (”{]L,/T] (x)— ”{]L,,/T]fl (x))
#3087 (et (0

X(f[:\f/‘r] <x)_AI’;uh <x))+90h <x)727—< ,U]727—< >\j,x€§2h

+[xj AR +g]

[>\f/ T}

are obtained.

Theorem 1. Let 7 and |h| be sufficiently small numbers. Then,

the solution of difference scheme (5) satisfies the following stability
estimates:

n
h —1( h h h
max uk” + max (7 (uk—u,ﬁl) + max E (uk)
—N<k<N Ly,  —N+I<k<N L,, —N<k<N Xy
r=1 Ly
h h h -1 h
SUA VR O e
Lop 2<k<N-1 Lo Lo
n
h h —1 h
+ max (gk_gk—l)T H +§ (80 ), . )
—N-+I<k<0 L EAYA
21 r=1 Ly
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~2( h Ko h
max HT (ukH —2u, +u_, )HLQ
h

1<k<N-1
h —1( h h
+ max U, | + max |7 u, —Uuy_,
—N<k<N XXy s Jy —N+1<k<0 "
r=1 L,
n
h —1( ¢h h
<M, § :(f1 )x . +H7' (fz - A )H
r=l1 Ly, Lo

+ max Hsz (fkh+1 —2fkh +fkh,1)“ +i”(8§)x j “ +H771<g(])1 —gfl)qu
b = e 0

2<k<N-1

Here, M, does not depend on 7,h,¢"(x) and f(x),1<k<N,g;(x),
—N <k <0.

2 h h
+7N£1}2]§§71H7' (gk+1 2g; +gk71) L

Theorem 2. Let 7 and |h| be sufficiently small numbers. Then, for the
solutions of difference schemes (6) and (7) the following stability inequalities

h —1( h h h
max ‘uk‘ + max (7 (uk—u,ﬁl) + max (uk)
—N<k<N Ly, —N+I<k<N L,, —N<k<N Xy
r=1 Ly
h h ho\, -1 h
<M ||, + e Jorl =), el
<M, || fo L, oo fe = fila L, 8o L,
n
h h -1 h
+ max (gk _gk—l)T “ +Z (80 ), ) )
— X,
N+I<k<0 Ly ‘= rdrllL,,
=2 h h h
max HT (uk+1 —2u, +u_, )H
1<k<N-1 L,
h —1( h h
+ max (uk )7 : + max |7 (uk —u,H)
~N<k<N “— T, —N+I<k<0 0

<M,

(foh )}, Jr

3 i

Ly,

n ‘
r=1

T2 (fkh+1 - 2fkh + fkh—l)

)

+ max
2<k<N-1

L +H7:1(g(1)1 _gﬁl) L,
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oY LN

hold, where M, is independent of not only 7,h,¢" (x) but also
k”(x),l§k<N,g,f<x), —N <k <0.

+ max
—N+1<k<—1

T (glilﬂ - 281? + g/’il)

Loy

Proofs of Theorems 1-2 are based on symmetry properties of the operator A;
defined by formula (3) and the following theorem on the coercivity inequality

for the solution of the elliptic difference problem in L,,.

Theorem 3. For the solution of the elliptic difference problem

A (1) = (), 7€,
u"(x)=0,x€S,

the following coercivity inequality holds (Sobolevskii, 1975)

n
Z (I,{h )E,x,,j, L

r=1

<Myl
h

Ly’

3.  NUMERICAL RESULTS

We have not been able to obtain a sharp estimate for constants figuring in the
stability inequalities. Therefore, the following result of numerical experiments
of the nonlocal boundary value problem

utt—um:(—2+772+4t2)e7’2sinwx,0<t<1,0<x<1,
u,—um:(—2+772)e7’2sinwx,—1<t<0,0<x<1,
u(Oﬂx)zu(Of,x),ut(0+,x):u,<07,x),0§x§1,

1 (1 1 (1 1 1 ®)
L) = —u| = x| | = x| (1 x) +—u, (1
u(—1,x) 4u[2,x +4u,[2,x +4u(,x)+4u,(,x)

+isin7rx,0 <x<l],
4de

u(t,O)zu(t,l)zO,—lgtgl,
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for hyperbolic-parabolic equation is considered.

First, applying first order of accuracy difference scheme (5), we get
system of equations in matrix form

AU, +BU,+CU, | =Dp, 1<n<M —1; Uy=U, =0,

n+l1

where

(2N-+1)x(2N+1)

(2N+1)x(2N+1)

C=Aand D is (2N —I—l)x(2N —I—l) identity matrix
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u™N o
U,=\U° P =" for s=n+1,n.
N N
U, (2N+1)x1 “n (2N+1)x1
Also here
1 1 1 2
a:—?,b:;,c:;—l—?, 4isin<ﬂ'xn>’k:N’
e
dziz,ez—%,f:iz+h_22’ and @} =18(f,%,),~N +1<k <0,
T T
1 O fteasx, ) 1<k <N -1,
k:—l:————’ = .
4t 4 4r k=N

So, we have the second order difference equation with respect to n with
matrix coefficients. To solve this difference equation, we have applied a
procedure of modified Gauss elimination method for difference equation
with respect to n with matrix coefficients. Hence, we seek a solution of
the matrix equation in the following form

Uj=a; U+ 08, j=M—1...21,U), =0,

where ou(j:l,...,M —l) are (2N+1)><(2N +l) square and

J

B; (j =L...M —l) are (2N +l) x 1 column matrices defined by formulas

o, =—(B+Ca;) " A

J

B =(B+ Co‘f)il (Do, ~CBy). =1 M —1.

Here, o, and [, are both zero matrices whose dimensions are
(2N —I—l)x(2N —I—l) and (2N —I—l)xl, respectively.
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Second, applying second order difference scheme (6) and simply
formulas

2u(0) —5u(h) +4u(2h)—u(3h)

—u"(0)=0(1’),

hz
2u(1)5u(1h)+;t(l2h)u(l3h)u,,(l)zo(hz)’
”(xn+2)4”(xn+1)+6”}§:€n)4u(x”1)+u(x"2) —u"(x,)= O(hz),

we get system of equations in matrix form

AU,.,+BU, +CU,+DU, \+EU, ,=Rp,,2<n<M -2,

= = 4 1 1 ©)
U,=0,U, =0U, :guz _EUS’UM—2 _guM—S’

n+l

where
00 0O 00 00O
0 a 00 00 00O
0 0 a O 00 00O
0 0 0 a 00 00O
A= ,
00 0O 0 b 00
00 0O 00 b O
00 0O 000 b
0000 0000 (2N+1)x(2N+1)
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0 00O 0 0 0 O
0 ¢c 0O 0 0 0 O
00 ¢ O 0 0 0 O
0 0 0 ¢ 0 0 0 O
B= ,
00 0O w d 0 0
00 0O 0 wd O
0 00O 0 0 w d
000 m-n 0 0y ipeansn

1 0 0 0 00 -000-7r s+t r s 1
L e 0 000 - 000-000-0 00
-
1
0 - = ¢ 00-000-000-20 00
B= !
0 0 L f ¢ 000-000-20 00
-
1
0 - 0 0 00-000:000-— fg
.
0 0O 0 0 O P q 0 00 0 0(2N+l)><(2N+l)

U;N %;N
U,=U° . 0= ¢ for s=n+2,n+1,n
N N
Us (2N+1)x1 #n (2N+1)x1
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Also here,
a5 72 127 d——T—zw 1 72
2 T at T h* R 2k
or 12 3,2 2 1 3
__hzve _"'I_?"'I_?y —?‘1‘]1278 _2 W,
I 37+2 1 27 1 1 1 3
p=—— > q == = S = = —,
T h h 8T 27 4 87
and
ism(wxn),k:_N,
4e
7— T T T
) 8|t — 2 Wé’ fk—E,an —2g|t, ——=.x, |+ & tk_E’x'H
Pn =
g{tk 2 n+1 g{tk — X, _N+1§k SO,
f(tk, <k<
O,k—N.

So, we have the fourth order difference equation with respect to n with
matrix coefficients. To solve this difference equation, we have applied
another procedure of modified Gauss elimination method for difference
equation with respect to n with matrix coefficients, namely

Uj :aj+1Uj+1 +/8j+1Uj+2 +’7j+19j:M _29'“91707 (10)

where a;, j<j:1,...,M—1) are (2N+1)><(2N+1) square and
7]( =1L.. M—l) are (2N+1)><1 column matrices defined by

formulas

a,,=—(C,+Da;+EB,  +Ea; a;,) (B+Dg,+Ea, ),
B =—(C+Da,+ES,  +Ea;,_ ja;,)'A, 11
Y =(C,+Da; +ES, —l—Eaj_laj)_l(Rgoj —Dvy;,—Ea; v, —Ev; ),
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where j=2,..,M —2. Here, o, and f3, are (2N+1)><(2N —1—1) Zero

matrices, [ 1is (2N +1)><(2N —1—1) identity matrix, «, :%I,

B, :%I,'yl and v, are (2N+1)><1 zero matrices and
w =00, = P4 =y )V — Yara)-
M—2 :[ 41 _aM—2)]_l[(ﬁM—2 +51)UM—1 +7M—2]7

where P[(ﬁMfz +51)(41 —aMfz)aMfl]il.

Finally, applying second order of accuracy difference scheme (7),
we obtain (9) with different matrix coefficients, where

0 00O 00 0O
0 a 00 00 0O
0 0 a O 00 0O
0 0 0 a 00 0O
A= ,
0 0 00O 00 0O
0 0 00O 00 0O
0 0 00O 00 0O
0000000 Oy onm
0 00O 0 0 0 O
0O b 00 0 0 0 O
0 0 b O 0 0 0 O
0 0 0 b 0 0 0 O
B= ,
0 0O d ¢c d 0 0
0 00O d ¢ d 0
0 00O 0 d ¢ d
000 m n 0 00 (2N +1)(2N+1)
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1 0 0 0 0 O 0 0 0 ros t ros t
-1/t e 0 0 0 0 0 0 O 0 0 0 0 0
co 0 —1/7 e 0 O 0 0 0 0 0 0 0 0 O
| o 0 g f g 000-000-0200
0 . 0 0O 0 0 -0 00O 0 0 0 g f g
0 . 0 0 0 0 - p g¢g 000 -0 0O
D=B, E=A and R is (2N+1)><(2N+1) identity matrix and
Also here,
U*N S07N
U,=|U? . 0= for s=n+2,n+1,n.
N N
Us (2N+1)x1 #n (2N+1)x1
Also here,
T 1 27 1 1 T—2
a=_b=""73""7¢= 7.d = 2 M=""5
2h h™ h 2h 4h 2h
T 1 2 37 2 1 1 1
n__hzve__+F+h_47f__ 2+F78_7+W7
1 37+2 1 27 1 1 1 3
p:__ B = Zvr_ _,S:_,t:———_,
T h h 87 2T 4 8t
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and

is1n( xn),k:—N,

4e

T T T T T

‘P,]i: g[tk_E’xn _W[g[tk _E’xn+l +g[tk _E’xn +g[tk_57xnl

—N+1<k <0,

ftx,) 1<k <N -1,

0,k =N.

So, we have the fourth order difference equation with respect to n with
matrix coefficients. To solve this difference equation, we have applied
same procedure of modified Gauss elimination method for difference
equation with respect to n with matrix coefficients. Hence, we use

formulas (10) and (11) for finding of uf.

Now, the result of the numerical analysis is given. For their comparison
errors computed by
12

h

>

= max g ‘ t
T <k<N— 1[ ko ” U

of numerical solutions are recorded for different values of N and M, where

u(tk,xn) represents the exact solution and u: represents the numerical

solution at (tk,xn). The result are shown in the Table 1 for
N =M =10,20,30,40,50 and 60, respectively.

TABLE 1: Comparison or errors for the approximate solution of difference schemes

Method N=10M=20 N=20 M=40 N=40 M=80

DS(5) 0.1555 0.0948 0.0549
DS(6) 0.0846 0.0157 0.0041
DS(7) 0.0908 0.0182 0.0042

In conclusion, the second order of accuracy difference schemes are more accurate
comparing with the first order of accuracy difference scheme.
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